Academic Theories Meet The Practice
of Active Portfolio Management

May 2015
Shingo Goto, Ph.D.!

1 Review Questions
1.1 Arbitrage Free Pricing Basics

Assume that the rates of return on three assets (i = 1,2,3) are described by two factors (say,

“value” and “growth” factors, F, and Fg):

TL—TE = +61,vFv +51,9F97

To—Tf = Hg+ 62,UFU + BQ,gFm

rs—ry = Uzt /33,1)FU + 53,gpg7
The two factors, F, and Fg, are random variables with mean zero. (They are already demeaned.)
s is the risk-free rate of return. Note that u; = E[7;] — ry (i = 1,2,3) denote expected excess

returns on the three assets. Why should a linear pricing rule holds (e.g., p1; = 8, ,Av + B, 4 Ag

for i = 1,2, 3) if no arbitrage opportunities exist? Please explain (briefly).

Hint: Consider a fully invested portfolio of the three assets, (w1, w2, w3) such that Z?:l w; =

1. The portfolio’s expected excess return is
3 3 } 3 )
E [7:1)] —Tr= Z Wift; + (Z wiﬁw)Fv + (Z wiﬁi,g)Fg-
i=1 i=1 i=1

We can choose a riskless portfolio by setting (Z?:l w;B3;,) = 0 and (2?21 w;if; ,) = 0. The
riskless portfolio should have an expected return of r¢. to preclude arbitrage (Expected excess

return of the riskless portfolio must be zero.)

Solution

Construct a risk-free (zero-beta) portfolio w = (wy,ws,w3)’ such that

wlﬁl,v\ + w252,v + w353,v =0
wl/BLg + w?ﬂQ,g + w353,g =0

!Please let me know at shingo goto@uri.edu if you detect or suspect typos. Thank you.
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To preclude arbitrage, this zero-beta portfolio must have an expected return equal

to ¢ (expected excess return must be zero). Hence the intercept term is zero:
w1y + waply + w3z = 0.

We can summarize these conditions as

H1 o K2 M3 w1
/31,1) 52,u 53,1; w2 | =
31,9 /82,g 53,9 w3

) X

Since w # 0 (3.2, w; = 1), the matrix A must be singular. (One can show that
no arbitrage exists if and only if det (A) = 0). That is, a row of A is a linear
combination of the other 2 rows. Thus there must exist A,, Ay (A, # 0 or/and
Ag # 0) such that

H1 Bl,v 61,9
po | = | Baw | Mt | Bay | Ag-
s 53,1) /3379

That is, we have obtained a linear pricing rule in the absence of arbitrage opportu-
nities:

Elri —ry =B pho + Bigho; i =1,2,3.

We can naturally extend this logic to the case of N > 3 assets.

1.2 Mean Variance Analysis, No Arbitrage, and Beta Pricing

(1) Review Questions

There are N risky assets and a risk-free asset in the economy. Assume that the following

two-factor return generating process holds:
Ti =T = p + 5i,1F1 + 51,2F2 +é&;1=1,...,N,

where r¢ is the risk-free rate and €; is the idiosyncratic return of the i-th asset (i = 1,..., N).
For simplicity, let’s assume that the two factors are already demeaned and orthogonalized, i.e.,
E[Fy] = E[Fy] = 0 and E[F1F5] = 0 (Cov[F}, F5] = 0). The variances of the two factors are
Var[F|] = o? and Var[Fy) = o2. We consider fully-invested portfolios (i.e., portfolio weights

of the N risky assets sum to one).

L. Please show that an exact beta pricing relation (e.g., E [F;] =7y = p; = 8; 1\1+8; 2A2) ob-
tains when a well-diversified portfolio with only factor risk (i.e., without any idiosyncratic

risk) is mean-variance efficient.



Hint 1: Excess return of this “efficient” portfolio can be expressed as
fe—T’f :Me+ﬁe7lﬁl+ﬁe,2ﬁ’2' (1)

Hint 2: The relationship between the expected return on “any” portfolio p (that is not
necessarily on the frontier) and a frontier portfolio e (other than the Global Minimum

Variance Portfolio) can be stated as
Cov[rp,re) = YE [rp] + C.

Proof: We can show this by recognizing that a mean-variance efficient portfolio (w ),

that solves the optimization problem (with Lagrange multipliers ¢ and ()
1 _
min L = §w’2w +¢(E[rp] — w'R) + ((1 —w'l),
w

can be expressed as
we = Y 4 (271,

where pu = (E[f1],..., E[Fn])’ is the N x 1 vector of expected returns and 1 is the
N x 1 vector of ones. Let w, denote the vector of portfolio weights of p. It then
follows that

Covlrp,re] = w,Ywe =w,% (vt + ¢z 1)
= Ywpp + Cwpl = YE [ry] + .

2. Consider well-diversified “pure factor portfolios” whose excess returns are described as:

Fri—rp = A+,
ng—Tf = )\2+F2.

Expected excess returns on these pure factor portfolios are the factor risk premiums,
ie., E[fp1] —rf = A\ and E[Fpa] — ¢ = Xo. The covariance matrix of the two factor
portfolio returns is a diagonal matrix (with diagonal elements 0% and 03) because the two
factors are orthogonal to each other. What is the highest Sharpe ratio one can achieve

by combining these two factor portfolios?

Hint: The tangency portfolio (that achieves the highest Sharpe ratio) is w =k x V~"lu
where V' is the covariance matrix and p is the vector of expected excess returns. k

ie a qeali . — 1
is a scaling constant (k = m)



Solution to the 1st part

Following the hint, let’s use the expression (1) for the excess return of the mean
variance efficient portfolio. Then, for any assets ¢ = 1,..., N, we have the following

relation must hold:

Cov [ri, o] = $E [ + ¢ = $(E [ri] + i»

For the risk-free asset, Cov [rf,r.] = 0 (because r¢ is not random) and hence ¢ry +

(=0&rp= —%. It follows that, for any asset, i =1, ..., IV,

1
Elr)—ry = —Covlry,re]

(G
1 . ~ . .

= JCOU BiaF1 + Biobs + €, Be 1 F1 + 66,2F2]
1 1

= Eﬁi,lﬁe,m%@ﬁmﬂe,w%-

S—— S——
A Az
By setting Ay = %5@1‘7% and Ay = iﬁwa%, we obtain the exact pricing rule,

E [rl] —ry= 51',1A1 + 51"2)\2, Vi=1,...,N.

Solution to the 2nd part

For the tangency portfolio w, = k x V~lu, the expected excess return is

whp =k x p'V~=tu. Tts ex ante volatility is /w ’VwT k x /p'V—1p. Thus the ex
ante Sharpe ratio of the tangency portfolio is——==— \/7 = /' V~1u, where

) o2 0 Y DYDY
V=1 A\ ) = — 4+ —=.
12 1 [ 1 2 } 0 O'% )\2 O‘% U%

That is, the highest Sharpe ratio one can achieve from the two factor portfolios is
2 2

)% + % Note that the squared Sharpe ratio of the tangency portfolio is equal to
2

771

the sum of the squared sharpe ratios of the two factor portfolios.

(2) No Arbitrage and Beta Pricing: A Note (Not Questions)

Beta Pricing with the Stochastic Discount Factor No arbitrage implies the existence
of the stochastic discount factor (SDF) m > 0 that satisfies

E[m (7 —rp)] =0o0r E[m(l+7)] =1

fori=1,..,N. (E[m] = lef.)

Elm (7 —rf)] =0
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= kK [m(ﬂz + /61',1F1 + /81‘,2F2 + gl)] =0
= E[Wy; + By E[MF1] + B o E[mFy] + Elmg] =0
—— ——

——
Cov[ﬁz,ﬁ'l] Cov[ﬁz,ﬁ'g] Cov[m,&]
== ;= ﬂu}\l + 5i,2)\1,2 + oy
Cov[n,F Cov[n,F: . . BEs
where \; = —% and \y = —% are the two factor risk premiums. a; = —005%1611

is the pricing error. For a well-diversified portfolio (with small Var[€p]), a linear pricing rule
wi = B;1A1+ B; 2A1,2 holds well, though there could be some risk premiums associated with the

idiosyncratic risk of individual assets.

Risk Neutral Pricing Appealing to No Arbitrage, we can also apply the risk-neutral pricing
principle:
E9 7] =rp fori=1,...,N.

— B [Mi + 5@1FI + 5@2@ + Ei:| =0

— i+ By, EC [Fl] + B;E@ [FQ} +EQ] =0.
where E?[.] is the mean under the risk-neutral probability measure. Defining \; = —E? [ﬁ’l} ,
Ao = —F9 [F’g} ,and a; = —E9 [€;] , we obtain

pi = B A1+ B ide + au.

The pricing error «; is the mean of the residual return in the risk-neutral world, E€ [¢;]. (Note

that E9[z] = %%] for a random variable z.)

2 For Discussion: Multifactor Beta Pricing Models

2.1 Setup

Consider an investment universe with a risk-free asset, IV risky assets, and K factor portfolios.

Returns of the N risky assets are generated by a K-factor model (K < N):
7 — B[] = Bi,lfl +"'+5z’,KfK +&;,1=1,...,N.
Let us summarize this in a vector form:
R—E[R}:Bﬁjtz, 2)
where R = (71,...,7y) and € = (&,...,éx) are N x 1 vectors, E [R} is the N x 1 vector of

~ ~ ~ /
mean returns, and ' = (fl, e fK> is the K x 1 factor vector. B is the N x K matrix of factor
loadings (betas) whose (i, k)th element is 3, ;, (i = 1,..., N; k= 1,..., K). We use r; to denote

the risk-free rate.



e The factor model (2) says that unexpected returns are attributed to the effects of the K

factors and the residual component.

e The factors satisfy E[F] =0 and E[FF'] = ® (® is the K x K factor covariance matrix).

In general, the factors are correlated with each other.

e F can be viewed as unexpected returns of the K factor portfolios. That is,

F= RFactor - E[RFactor]-
where Rpgetor is the K x 1 vector of factor portfolio returns.

Remarks Factor portfolios are not constructed only from the N assets. (For example,
the factor portfolios are formed from a larger universe that encompasses the N assets
under consideration.) We need this assumption to ensure that the factor portfolios

are not redundant.

e The residual return vector ¢ has mean zero and covariance matrix ¥, i.e., F[¢] = 0,

E[éé'] = X. ¥ may or may not be diagonal.
e V denotes the covariance matrix of R. Our setup implies a “risk model” of the form:

V = B®B' +%.

2.2 Question: Mean Variance Analysis and Exact Beta Pricing

Suppose that we can form a mean-variance efficient portfolio from a linear combination of the
K factor portfolios. In this case, we can show that an exact beta pricing model holds. Let’s

write the exact beta pricing relation as
E [R} —1r; = BA, (3)

where 1 is the N x 1 vector of ones. What is the maximum (ex ante) Sharpe ratio you can

achieve when you can invest in both the N risk assets and the K factor portfolios?

Solution

Since a portfolio of the factor portfolios (only) is mean-variance efficient, we can
consider the tangency portfolio of the factor portfolios (that achieves the highest
Sharpe ratio). The maximum Sharpe ratio is VNG




2.3 Question: Pricing Errors

We now consider the case where we do not have the exact factor pricing, so the mean-variance

efficient portfolio cannot be formed from a linear combination of the K factor portfolios.

Suppose that the expected excess return of the N risky assets is expressed as
E[f] —1r; = a+ BA,

where « is an N x 1 vector of “pricing errors” (or “alphas”). The pricing error is cross-sectionally
orthogonal to the factor betas, in the sense that limy_,.o &’S7'B = 0. (Let’s assume that N is

sufficiently large and we can assume o/Y !B = 0.)

Question Let SRpgctor be the maximum Sharpe ratio you have just obtained under the
exact beta pricing model [expression (3)]. Please show that the (ex ante) maximum Sharpe
ratio (SRpsq.) satisfies

SRitar = SRiacior + 'S
That is

SR30s = SR%etor + IR0

Factor

Notes

® [Rpar = V'Y is the maximum “Information Ratio” (IR) one can achieve in this

setup. I R?wam capture the potential value created by active portfolio management. When

% is diagonal, IR3,, = SN (G2 )2. This result is a generalization of the classic Treynor-
Black (1973)? framework.

e We can connect this theoretical result to popular asset pricing tests such as Gibbons,
Ross, and Shanken’s (1989)% (GRS) test. These tests typically examine the significance

of statistics of the form:

! -1 IR?W@J: 2
Jwaa = o [Varla]] a= m ~ XN
Factor
Jars = r-n-d Rt ~Fnr-N-1
N (1 + SR%actor) 7

Solution

*Treynor, J.L. and Black, F.(1973), “How to Use Security Analysis to Improve Portfolio Selection,” Journal
of Business, 46(1), pp.66-86.

3Gibbons, M.R., Ross, S.A., and Shanken, J. (1989), “A Test of the Efficiency of a Given Portfolio,” Econo-
metrica, 57(5), pp.1121-1152.



The covariance matrix of N 4+ K factor returns is

B®B'+% B
B’ P

Q=

Using the formula (for the inverse of a partitioned matrix, please see the appendix),
Q~! simplifies to
¥t -¥-1B

Q=
—-B'y™l &'+ B'YB

The maximum Sharpe ratio squared, SR%/IM, is
»-1 ->-'B
-B's™! o'+ B'v'B

= (a fun manipulation that greatly simplifies the expression)

o+ B

SBiar = | o + NB' N | \

2.4 Question: Active Management

Suppose we are able to uncover the source of the pricing error (or “alpha”) . We have found
that o is linearly related to a “neglected factor exposure” (or a “signal”), Z = (z1, ..., zy)’, that
we can observe at the beginning of the period. The elements of Z (21, ..., zx) are cross-sectionally
independent and identically distributed with mean zero and variance o2, i.e., %Z’ 7 = 02 as
N — oco. We assume that N is sufficiently large so that we can assume Z'Z = No?. o, is a

measure of cross-sectional dispersion of the signal.

With the discovery of Z, we can express and asset /portfolio’s excess return over the benchmark

factor portfolio return as

R_B'RFactor = a+te¢€
= Zy+¢

where Z and € are orthogonal to each other. Being a neglected factor, Z may also help explain
covariances among residual returns. We can express the residual covariance matrix F [¢€] = X

as
Y =n?Z7 +A.

To simplify the following discussion, we assume A = §21, where 62 is the variance of idiosyncratic
returns. (Idiosyncratic returns are uncorrelated with each other.) We can view n? as the
variance of the neglected factor return. That is, when we express & = Zh+ 4, E[h] = E[i] = 0,
and 7?2 = Var[h] and E [0i/] = A = §°1.



By observing Z at the beginning of the period, we are able to tell which assets are “undervalued”
(likely to outperform) and which assets are “overvalued” (likely to under-perform) relative to
the benchmark beta pricing model [equation (3)]. We assume that no constraints or frictions

inhibit our trading activities (i.e., there are no “limits of arbitrage,” no transaction costs, etc.).

Questions Please consider the following questions for discussion.

1. How would you design a zero-cost portfolio (“arbitrage portfolio”) that exploits the knowl-

edge of a = Z~ to maximize the Sharpe ratio?

2. What is the (ex ante) maximum Sharpe ratio you can thus achieve? Does it increase
without bound as we increase the “breadth” N — oco? Could we give an interpretation of
the “Fundamental Law of Active Management” a la Grinold (1989)* along this line?

Solution to the 1st part

To maximize the IR, one can form the arbitrage portfolio in the form of w,
V~1Z, where o« means “proportional to.” When Z and all column vectors of B are
orthogonal to each other in the sense that B’S"1Z = 0, we can also express w, as
w, o< ¥~1Z. This is because, by the Woodbury identity (please see the appendix),

SVlz = sxTlZz-sn'B(@ '+ By BBy lz-7
_—
=0
s Viz=x"1Z

Solution to the 2nd part

The maximum IR squared is [ R?\/[M = o/Y 'a. Using the Sherman-Morrison

formula (please see the appendix),

IR, = oY la
— 272 (P27 +A) 2
g [p_mATizzA
1+ 2 Z'A1Z
(z'a712)?

2 I A —1 2, 2
= 2 (ZA717) - .
7 ) = a7

Let x = (Z’Ale) > 0. We can then express IR?WM as
V222 B 2

2, 1 .
L+nz - +n?

2 2
IRMar:’Y xr —

4Grinold, R.C. (1989), “The Fundamental Law of Active Management,” Journal of Portfolio Management,
15(3), pp.30-37.



But,
2

v=062%7'7 = N%.
0
r — 00 as N — oco. Assuming that n? is positive, I Rﬁlm is small when «x is small
(because the denominator gets large). I R?Mm increases with x, but it does not
2
increase without bound. In fact, I R%/Iax — g—Q (the squared IR of the neglected

factor) as N — oo.

The red line corresponds to IR? = Lz

3

However, when n = 0, that is, when the signal is purely idiosyncratic, I R?Wam can

increase without bound.

Notes: Relation with the Grinold-Kahn (1999)° Framework The Fundamental Law
of Active Management is
IR=1ICx VN

where IC' is the “information coefficient.” In our context, IC is the cross-sectional correlation
between Z and R — BEFactor = Z~ + ¢ When nn = 0 (i.e., the signal Z is completely firm
specific) and for sufficiently large N,

Cov[Z, Z~ + § o2y oy

IC = = = .
VVar[Z]\/Var[e] 020 0

By replacing « in our alpha forecast « = Zvy with IC, we have an alternative expression of the
alpha forecast:
Z
a=Zy= 6 xICx —.
volatility 0,
score
This is the popular “alpha = Volatility x IC x Score” recipe for active portfolio management.
Recall that we have assumed 1 = 0 — that is, we have assumed that Z is not a source of return

covariances in this derivation.

’Grinold, R.C. and Kahn, R.N. (1999), Active Portfolio Management: A Quantitative Approach to Providing
Superior Returns and Controlling Risk, 2nd edition, McGraw-Hill.
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APPENDIX

A Some Useful Formulas for Portfolio Management
A.1 The Inverse of a Partitioned Matrix

Let the (M x M) matrix A be partitioned into sub-matrices so that

Ann An
Ag1 Agp

where A, A11, and Ao are nonsingular. Then, the inverse of A is

Dy —D11 A2 A%
— At A1 Dy At + Ayt Ay Dy A Ay
Al 4 A[ A1aDos Ag Ay — A Ara Do ]

AT =

—Dag Ay AL} Do

where

Dy = (A11—A12A2_21A21)_1
Doy = (A22—A21A1_11A12)_1

We can also express D11 and Dos as
_ -1 _ _ _
Dll = (All — A12A221A21) = Alll + A111A12D22A21A111
_ _ _ -1 _
= A+ A (Ago — Ao AT Ara) At ALY
and

Doy = (A — A21Af11A12)_1 = ALy + Ay Ag1 Dy A Asy
= Ay + AL Ay (A1 — A12A§21A21)_1 AjpAs)

Personal Notes on The Inversion of a Partitioned Covariance Matrix

We use this formula mostly for inverting a partitioned covariance matrix. Let ¥ be the covari-
ance matrix of (Z',7')" (where Z and ¢ are random vectors are independently and identically
distributed) where

T
_ | ~1ID (%)
Yy
/J/ pry ,LL:C 5 Z = me ny .
Hy Yye  Dyy




Although it is very difficult for me to memorize the formula for ¥~!, I would use the following

steps to calculate and interpret X1,

1. Consider the following regressions (Z on gy and § on Z):

T = ag)y+ Byl +Eppy,
Y = ayp+ ByT+Ey,,

where B, = ExyE;yl, By, = EWE;Q}, Agzly = fhg — Bajytty and ayje = py, — Byjzpiy.

2. Then, we can express Y1 as

-1 _ Var [gwly}_l —Var [gm\y]_l Byyy

— Lreled )
—Var [511\96] By Var [‘Sylx]

where Var [ém|y] and Var [éy‘x] are the residual variances.

Var [2.,] = S — By Sy By,
Var [6,,] = gy — By\wzfﬂﬂB;Ir'
We can also re-express X! as
. 11
o1 _ Var [Ex|y] 0 1 _B:E\y
= L 11
0 Var [€y|$] —By|, 1

I have personally found this decomposition very useful [e.g. Stevens (1998)%]. See Goto and Xu
(2015)7 for an application.

Suppose Z and ¢ are active portfolio returns (with zero exposures to usual factors). To maximize

the Information Ratio (IR), we choose a portfolio

] - el]
Var 2] 0 . ”%—Bxyuy]

= ¢Xx )
0 Var [&y, fy = Byletts

= ¢cX

Var [éy‘gc] a

L oq-1
Var [Ew\y] awy]

ylz

where c is a scaling constant.

Stevens, Guy V.G. (1998), “On the Inverse of the Covariance Matrix in Portfolio Analysis,” Journal of
Finance 53(5), 1821-1827.

"Goto, S. and Xu, Y. (2015), “Improving Mean Variance Optimization through Sparse Hedging Restrictions,”
Journal of Financial and Quantitative Analysis, 50(6), pp.1415-1441.
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A.2 Sherman-Morrison-Woodbury Matrix Identity

The Woodbury Formula

When A and C are nonsingular, the Woodbury matrix identity (the matrix inversion lemma)
is
(A+BCD) ' =A™ '~ A'B(C '+ DAT'B) ' DA™,
Consider a direct application to a risk model, V = B®B’' + X
vl = (B®B +3%)"
= »l-xB (@ + B IB) T BY L (4)

In practice, the following expression has implementation advantages over equation (4) when we

need to deal with singular (or near singular) ®.
Vl=nl oS IB (8BS B4+ 1) oB'S !
The Sherman-Morrison Formula

A special case of the Woodbury matrix identity is the Sherman-Morrison formula:

Ay’ AL

N1 _ 4-1__
(A—l—uv) =A v A Tu

where u and v are column vectors and 1 4+ v/ A1y # 0.
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